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20  ABSTRACT  {Cofiilnu*  on  rov*r«o  t'dv  It  Idvntttr  by  btotb  rtumbvf) 

In  this  report  Rayleigh  scattering  for  a short  wire  is  examined  for  two  simple 
motions,  rotation  and  vibration.  Rotation  of  the  wire  causes  an  amplitude 
modulation  and  vibration  causes  a phase  modulation.  Each  of  these  modula- 
tions influences  the  backscattcred  spectra  so  that  the  characteristic  frequency 
of  the  periodic  motion  appears.  For  the  rotating  wire,  it  is  twice  the  rotation 
frequency.  From  the  spectra  it  is  possible  to  recognize  the  type  of  motion 
responsible.  The  study  therefore  serves  as  a first  step  in  the  development  of 
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Backscattered  Spectra  From  Rotating  and 
Vibrating  Short  Wires  and 
Their  Relation  to  the  identification  Problem 


I.  IMUOm  CTION 

liadar  reflections  mu',  he  relate!  to  the  specific  nature  of  a larget-its  struc- 
ture, configuration,  an'l  internal  motion.  If  targets  such  as  trucks,  tanks,  and 
helicopters  are  illuminated  with  radar,  tlie  reflections  contain  spectral  compo- 
nents which  are  distinct  from  the  Doppler  shifts  arising  from  simple  translatorj- 
motion.  Tor  example  it  is  well-known  that  a rotating  helicopter  blade  modulates 
the  radar  reflections  trow  the  helicopter  with  a frequency  related  to  the  rotation 
rate  of  the  blade.  Vibrating  membranes,  because  of  their  time  varying  position, 
also  cause  modulation  in  the  phase  of  the  target  return  which  results  in  frequency 
shifts.  The  use  of  these  spectral  changes  in  the  reflections  to  classify  radar  sig- 
natures of  various  targets  having  internal  vibrations  and  rotations  may  have  pos- 
sible applications  in  vehicle  classification. 

It'any  military  vehicles  have  periodic  motions,  internal  and  external,  with 
definite  trequencies.  Tlicse  motions  affect  the  radar  reflections  and  may  be  used 
in  vehicle  identificatio.).  Therefore,  it  would  seem  tliat  an  understanding  of  these 
various  phenomena  must  include  an  understanding  of  the  contributions  of  the 
vehicular  rotations  and  vibrations.  In  this  paper  we  examine  a short  wire  under- 
going two  exceedingly  simple  motions,  rotation  and  vibration.  In  these  motions 
the  wire  itself  is  taken  to  be  rigid.  The  shortness  of  the  wire-that  is,  short 

(Received  for  publication  21  May  197.5.) 
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compared  with  the  wavelength  of  the  radar-means  that  we  can  treat  the  wire  as  a 
Rayleigh  scatt**rer.  We  first  determine  the  scattering  matrices  for  these 
motions,  and  thus  obtain  the  scattered  fields  for  different  polarizations  of  the 
incident  field.  Applying  Fourier  techniques  to  the  scattered  fields  gives  the  fre- 
quencN  components. 

The  rotation  and  vibration  spectra  arc  quite  different,  indicating  possibilities 
for  signature  classifications.  The  differences  also  suggest  possible  directions, 
both  e.Nperimcntal  and  analytical,  for  future  studies.  These  would  include  com- 
bining rotation  and  vibration,  analysis  of  more  complicated  structures  such  as 
plates,  propcdlcrs,  and  belts,  and  studies  outside  the  Rayleigh  region  where  the 
obiect  dimensions  ..re  no  longer  small  compared  wRh  the  wavelength.  The  ulti- 
mate goal  IS  to  be  able  to  synthesize  the  radar  returns  from  real  vehicles,  frotn 
a set  of  relatively  simple  models. 

There  are  several  appendices.  The  first  is  mathematical  and  describes  the 
polarization  of  radiation  in  terms  of  a cartesian  basis  or  an  equivalent  circular 
basis.  Witli  these  bases,  the  formalism  becomes  quite  simple  and  makes  it  easy 
to  set  up  tlie  poluiization  scattering  matrix.  The  derivation  of  the  matrix  and  its 
use  arc  discussed  in  the  same  appendix.  The  three  additional  appendices  deal  with 
the  physical  interpretation  of  the  scattering  from  the  wire.  The  rotating  or 
vibrating  wire  may  be  looked  on  as  a microv\ave  model  for  Raman  molecular 
spectroscopy.  Although  the  correspondence  between  the  two. is  not  perfect-since 
Raman  spectroscopy  is  a quantum  effect-a  discussion  of  one  in  terms  of  the  other 
is  illuminating.  A second  point  is  the  relation  of  scattering  from  tiie  rotating  or 
vibrating  wire  to  the  normal  Doppler  effect.  It  is  true  that  the  rotation  and  vibra- 
tion lead  to  definite  frequency  shifts,  but  they  are  not  the  same,  as  those  found  with 
purely  translrfing  objects.  For  clarity  in  discussion  the  difference  must  be  made 
evident.  Tiie  final  appendix  contains  a brief  discussion  of  the  energetic  and  angu 
lar  momentum  transfers  in  tiie  scattering  process. 


2,  .Sf: ATTKItlNG  FROM  \ ROl'ATING  WIRE 

As  stated  in  the  introduction,  we  restrict  ourselves  in  this  report  to  two  v*'ry 
simple  motions.  In  tiiis  section  we  consider  a rotating  wire  which  is  short  rr  / * 
pared  witli  the  radiating  wavelength.  Pliysically  this  means  that  the  wire  acts 
a point  dipole,  and  that  only  the  lowest  electric  mode  as  defined  by  IIarringt'’n 
and  Mautz*  is  excited.  Equivalently  we  can  sa.v  that  the  wire  acts  as  a Ray.-; ' 
scatterer, 

1.  Harrington,  R.  F. , and  Mautz,  .1.  R.  (1.971)  IEEE  Trans.  Antennas  Propag. 
.\I*-I9:022. 
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>cliaer»!or»  ' ' as  !r»-ait- ! tfu-  prunl*  r . 

fur  a rotatiiijj  s'  urt  .'.ir*'  illuminat*  ; i"  * 

Kt  cjivularl'.  juluri^*-  I *.a'4» . fh»'  fi-il  .r- 
izalit>n  statu  of  thu  inci  lur.t  huM  ..ill 

provu  to  hu  nipcirtart,  .’.liuthur  H ~t  -»  ‘ 

linuarK,  cir_ularU,  or  ulliptkalK 
polarize!.  Consi  ler  a .u»u  njiatinj? 
in  thu  ,\>-planu  at  uoiistant  angular 
velucitv  § as  slto.’.n  in  i ijruru  1.  Thu 
ineiJuilt  raJiation  is  monDchromatic 
ivith  frequency  1^.  Tlu  Jirection  of 
propagation  is  along  the  z-X'ds,  lliat 
is,  the  v.avc  vector  k is  normal  to  the 

plane  of  rotation  of  tlie  '.vire.  and  I'igure  1.  Wire  Kotuting  in  the  vi  - 
and are  both  zero.  For  this  geo-  -'"Bular  Velocity  h 

metrv’,  the  electric  field  of  the  incident 
wave  has  no  z-component.  Maxwell's 

equations  impose  the  requirement  of  continuity  of  tlie  tangential  components  of  the 
electric  field  at  a boundary . Because  of  the  geometry , the  current  induce!  b\  tlie 
incident  field  must  flow  along  the  wire’s  aids.  Therefore  the  scattered  radiation 
must  be  linearly  polarized,  since  the  field  in  the  far  zone  has  one  component  only . 
This  is  independent  oi  the  polarization  of  the  incident  field.  Therefore  the 
reflected  or  scattered  field  in  the  far  zone  alway  s has  its  electric  vector  parallel 
to  the  wire  at  the  instant  of  reflection.  Naturally  this  implies  that  b is  much 
smaller  than  which  holds  for  all  realizable  cases.  However,  since  the  wire 
rotates,  the  electric  vector  reflected  at  each  instant  will  be  linearly  polarized  in 
a direction  which  depends  on  tiie  temporal  orientation  of  the  wire  at  that  instant. 

It  is  this  changing  orientation  which  introduces  the  frequency  6 into  the  spectrum 
of  the  reflected  field. 

To  calculate  the  effects  of  rotation,  we  first  write  the  incident  and  scattered 
waves  in  terms  of  the  cartesian  basis  (x,y)  described  in  Appendix  A, 


2.  Schoendorf,  W.  H.  (1972)  Frenuency  Spectrum  and  Baekscattered  Return 
From  a Rotating  Short  Wire.  PA-207,  Lincoln  Laboratory,  M.I.T 
Cambridge,  Massachusetts. 


and 


E®  - E®  X * E® y1  exp  ■" i ( k z -x^t)' . 0 ) 

The  unit  vector  along  the  wire  is  u,  and  '3  is  the  angle  between  the  wire  and  the 
x*axis.  The  wire  rotates  with  angular  velocity  0;  therefore  0 equals  Ot.  Owing 
to  the  requirement  of  continuity  of  the  tangential  components  of  K at  a surface, 

S 1 

’.voian  vn'».  E in  terms  of  E as 
E®=C(e\u)u 

= C ^.u)  E^  + ^'.u)  E^.ju,  (2) 

a field  linearly  polarized  in  the  direction  oi  the  wire.  In  Eq.  (2),  C is  a proper- 
tionality  constant.  By  taking  the  and  y components  of  E , we  find 


E;^cVx.{i)2Ei  + (^i.u)(<-.fi)E;j, 


and 


E®  =C  ^(x.u)Cv‘u)Ei.  + {y'.u)Vl 
y w ' y 


(3a) 


But,  Eq.  (3a)  may  be  written  in  the  matrix  form  of  Eq.  (A2)  in  Appendix  A 


— 

— — 

E® 

E^ 

X 

= CR 

X 

E® 

V 

E^ 

V 

(3b) 


where  [R1  is  the  scattering  matrix.  Since 

(x»  u)  = cos  0 = cos  (S  t)  etc. , (4) 

Eqs.  (3a)  and  (3b)  enable  us  to  determine  the  matrix  elements  r.^  of  the  scattering 
matrix  [R], 
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r j j ’ (:>:•  u)"  cos"  (fl ! ) 


r.,.,  - - sin”  (9t) 

Tj.,  ^ r.,j  - (\'u)  (>"u)  - sill  (8 1) cos  (8  t)  (5) 

- l/2sin(28t}. 

l.quations  (:Ja)  an'i  (3b)  rolati-  tbf  scattcreJ  fit-H  ir*  th*  inf.i)*  n*  :i>  1 !.  pnni'JfJ 
eacJi  is  expressed  in  tt-rms  of  tlie  cartesian  nasis  (s.  >).  If  the  inci  lent  field  is 
expressed  in  terms  of  the  circular  polarisation  basis  (1.,  1*1)  and  e i'.isL  *f.  deter- 
mine the  reflected  field  in  terms  of  the  same  basis.  v.-c  appK  l.q.  (A!  '•)  of  Appen- 
dix A. 


s 

“ * 

‘'l 

- CQ“‘  RQ 

The  circular  scattering  matrix  Q"*  R Q is  easily  calculated  to  be 


q‘^RQ-1/2 


(ru^r^j) 


^*^1 1 “ **22  ^ **1 2^ 


^^1 1 ■ ^22  ■ ” ‘ ‘'l  2^  ^^1 1 ' *'22^ 


(fi) 


(7) 


With  the  help  of  Eqs.  (.i)  and  (i)  we  can  determine  the  backscattcred  field  for 
the  above  geometin. , v.hen  the  incident  field  is  known.  The  main  objective,  how- 
ever, is  the  determination  of  the  spectra  of  the  scattered  fields.  To  obtain  the 
spectra  or  frequency  dependence  of  these  fields,  wo  appl>  Fourier  techniques, 
tince  delta  functions  allow  us  to  use  Fourier  transforms  for  periodic  functions  as 
well  as  aperiodic  ones,  the  Fourier  series  becomes  a special  case  of  the  trans- 
form. The  convolution  theorem  states  that  the  Fourier  transform  of  a product  of 
two  functions  is  proportional  to  the  convolution  of  their  individual  transforms. 
Since  the  temporal  functions  we  deal  with  are  simple  trigonometric  functions, 
their  transforms  are  combinations  of  appropriately  weighted  delta  functions.  The 
trigonometric  functions  and  their  transforms  are  shown  in  Figure  2.  The  convolu- 
tions are  easily  calculated  graphically  and  are  shown  in  Figure  3.  By  adding  the 
various  convolutions  we  obtain  the  desired  spectra. 


^ ♦ S(w  - ij 


X : 


*'***•-* 


i.-1'a-L.. 


- * “ - * ^ ?'6); 


Figure  2.  Fourier  Transforms  F('i  ) of 
Various  Trigonometric  Functions  f(t). 
The  dotted  lines  indicate  imaginar\' 
quantities 


Ue  now  consider  throe  examples  vath  the  rotating  wire. 

Example  1:  The  wire  rotates  in  the  xy-plane  wth  unifoiTn  velocity  b. 
1-ho  Incident  field  is  left  circularly  polarized  (LCP),  of  unit  magnitude,  and 


The  real  par’  of  these  expressions  is 


Re'‘i:®(t)t  - C 2cos^(5t)cos(to^t) 

-sin(2fet)sin(a‘^t)].  (12) 

The  I'ourier  transform  of  Eq.  (11),  computed  easily  from  Figures  (3a)  and 

(3d),  indicates  that  the  spectrum  consists  of  two  lines  of  equal  strength  at  the 

two  frequencies  and  (x^  + 20).  Each  line  is  of  different  polarization,  the 

sliifted  one  l)eing  of  the  polarization  admitted  by  the  transmitting  antenna. 

The  contributions  at  (a)  -2S)  cancel. 

o 

If  the  incident  field  were  RCP  of  unit  magnitude  and  propagating  in  the 
z-direction  (so  that  Ejj  were  unity  and  Ej^  zero),  we  would  again  obtain  two 
spectral  lines  but  at  (x^  - 2d)  and 

Example  2:  The  wire  rotates  in  the  xy-plane  witli  uniform  velocity  &, 
just  as  in  Example  1 . The  incident  field  is  still  of  unit  magnitude  but  is  now 
linearly  polarized. 

E^  =xexp[  i(kz -X  t)].  (13) 

<v>  O 

Therefore  E^  is  unity  and  E^.  zero.  To  express  the  scattered  field  in  terms 
of  L and  A,  we  apply  Eqs.  (A12)  and  (A14a) 


Fe^I 

e‘ 

X 

= CR 

X 

r.= 

E^ 

>- 

L .vJ 

Ef' 

V 

L 

X 

pP 
_ R 

5-. 

Therefore, 


r^fi 

E^ 

1 

L 

-CQ"*  R 

X 

=CQ"^R 

T-S 

E^ 

L yJ 

0 

(14) 


(15) 
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whiclj  yields 


E®  =(C/^/I)(rj,^irj2).  and 
E®  =(C/^'2)(rjj_irj2) 

where  the  r-  are  given  by  Eq.  (5)  as  before.  Again  tlie  magnitudes  of  the 
two  ^^mponer.ts  are  equal,  and  the  reflected  field  is  linearly  polarized. 

TIr*  time-dependent  components  of  the  reflected  field  are  proportional  to 
(rjj  these  expressions  is 

Re  [E®(t/J  =C2cos^(dt)cos(»^t).  (16) 

The  Fourier  transform  of  Eq.  (16),  computed  from  Figure  (3a),  indicates 
that  the  spectrum  consists  of  three  lines  at  and  (j)^i2  6).  The  side  lines 
are  each  half  the  magnitude  of  the  center  frequency  line  at  tu^^. 

As  might  le  expected,  this  is  exactly  the  result  we  would  obtain  by  adding 
the  spectra  of  a unit  LCP  and  a unit  RCP  field  as  computed  in  Example  1. 

For  a linearly  polarized  field  is  decomposable  into  equal  L and  R components. 

Example  3:  The  wire  rotates  with  an  angular  velocity  6 in  a plane  per- 
pendicular to  axis  p shown  in  Figure  4.  The  axis  makes  an  arbitrarj’  angle  £> 
with  the  direction  of  propagation  which  coincides  with  the  z-axis.  The  unit 
rotation  axis  p has  components  (0,  sin  cos  t*).  The  axis  of  the  wire  is 
always  normal  top, and  at  time  1^  such  that  § t^  equals  ~’l2  it  lies  in  the  yz- 
plane.  Therefore,  which  equals  u(t^)  has  components  (0,  +sinC,  cos{!i). 

As  the  wire  rotates  it  acquires  an  x-component,  and  the  general  time  depend- 
ence of  the  wire’s  direction  is 


u(t)  - .xcos  (§  t)  + UjjSin  (St) 

= xcos  (S  t)+y  sinC  sin  (St)  - z cost,  sin  (S  t).  (17) 

Substituting  this  value  into  Eq.  (5),  we  obtain  for  the  elements  of  the  scatter- 
ing matrix 
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(18) 


I'j  J = (x  • u)'^  = cos”  (§  t>, 
r j 2 = (x  • u)  (y  • u)  = sin  0 sin  (§  t)  cos  (6 1) 


= 1/2  sine  sin  (2  §t),  and 


r 


22 


u)^  = sin^e  sin”  (§  t). 


If  we  compare  Eq.  (18)  with  Eq. 
(5),  we  see  that  the  time  dependency 
of  the  scattering  matrix  has  remained 
unchanged.  Therefore,  there  will  be 
no  chang  in  the  frequency  components 
of  the  spectra  as  compared  with  those 
obtained  in  Examples  1 and  2. 


3.  SCAITERING  FROM  A VIRRATINO  WIRE 
The  second  motion  considered  in  this 


y 


report  is  vibration.  As  before,  we  shall 
examine  a short  wire  which  acts  as  a point 
dipole.  Let  the  axis  of  the  wire  be  oriented 
parallel  to  the  x-axis  of  Figure  1,  so  that 
the  wire  vibrates  in  tlie  r, -direction  with 
an  oscillation  frequency  6.  The  position 
of  the  wire  as  a function  of  time  is,  therefore. 


figure  4.  Wire  Rotating  About 
p-direction  Which  Makes  an 
An»»le  Cl  With  the  Direction  of 
Propagation.  At  instant  sliown 
the  wire  direction  ti  is  in  the 
yz -plane 


z =z^  sin  (6 1). 


(10) 


Again,  as  in  Section  2,  the  incident  radiation  is  monochromatic  with  frequency 
u)Q((u^»d)  and  propagates  in  the  z-direction.  Consequently,  the  motion  of  the 
wire  is  parallel  to  the  direction  of  propagation,  always  advancing  or  reti'eating 
with  respect  to  the  source. 


15 


■1L.  v^.  ..  , 


To  compute  the  elements  of  [R],  we  remember  that  the  axis  of  the  wire  u is 
parallel  to  x.  The  elements  of  the  matrix  are 

rjj  = (x*  u)  =1. 

r,2  ■ (y  * and 

Tj2  (x  • u)  (y  • u)  =0,  (20) 

since  (y  • u)  equals  zero  at  all  times  for  this  geometry.  The  matrix  Q ^ RQ  is 
therefore 

Q"^  RQ  = l/2 


I 1 
1 1 , 


and 


Q-‘r=(i/.^) 


1 0 
1 0 


(21) 


both  of  which  are  time  independent.  We  now  apply  these  matrices  to  Examples 
1 and  2 of  Section  2. 

Example  1:  The  incident  field  is  LCP,  of  unit  magnitude,  and  prop- 
agates in  the  z -direction. 


(22) 


The  scattered  field  is  linearly  polarized,  since  Ej^  and  Ej^  are  equal. 

Example  2:  The  incident  field  is  linearly  polarized  (with  E^,  equal  to 
zero),  of  unit  magnitude,  and  propagates  in  the  z -direction. 
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Again  the  scattered  field  is  linearly  polarized,  with  equal  left  and  right  com- 
ponents. The  reflected  field  will  always  be  polarized  with  its  electric  vector 
parallel  to  the  wire  (that  is,  in  the  x-direction)  regardless  of  the  state  of 
polarization  of  the  incident  field.  Obviously,  if  the  incident  field  is  polar- 
ized in  the  y-direction,  there  will  be  no  reflected  field. 

As  we  have  already  mentioned,  the  scattering  matrix  is  time  independent, 
yet  there  is  a temporal  variation  in  the  position  of  the  wire.  To  take  account 
of  this  temporal  variation,  we  apply  Eq,  (9).  In  the  case  of  the  rotating 
wire,  the  receiver  and  wire  were  fixed  so  that  the  term  exp  (-ikz)  was  a 
constant  which  we  could  disregard.  With  the  vibrating  wire  this  term  is  a 
function  of  time  and  so  must  be  considered.  Equation  (0)  becomes 


S' = [®L 

Equation  (24)  shows  clearly  that  the  effect  of  vibration  on  t)ie  scattered  field 
is  a phase  modulation,  whereas  that  of  rotation  is  an  amplitude  modulation. 

The  real  part  of  the  exponential  of  Eq.  (24)  is  a term  proportional  to 
cosj^kzQSin(St)  - i^tj  , the  Fourier  transform  of  which  gives  the  spectral 
dependence  of  the  scattered  field.  Since  the  reflection  matrLx  is  time 
independent,  it  can  be  disregarded  as  an  influence  on  the  spectrum.  The 
Fourier  transform  cf  the  real  part  of  the  exponential  is  plotted  in  Figure  5 

3 

(see  Champeney  ), 


^,+E?,  A exp^  -ifkz  sin(§t)-'i‘  t ^ . 
KJ  jL° 


3.  Champeny,  D.C.  (1973)  Fourier  Transforms  and  Their  Physical  Application  .. 
.Sec.  2.5,  p.3G.  Academic  Press,  New  York. 


f{t)  = Acos[  kZoSin(^t)+tUo  t] 


F(oj)  = 7tA  I {jn(kZo)  8 (cu  - (t%- nfl  ) + Jn(kZo)  S {w  ♦ % + nfl  )} 

ns-® 


Figure  5.  Spectral  Dependence  of  a Phase  Modulated  Field. 
Eacli  line  is  a Bessel  function  of  order  n,  J^(kz^) 


f(t)=cos  sin  (flt)-  i ^tj  , and 


+ n0)l. 


^ f n ^^o>  6 (*•  - ' o - " ^n  ^ """  o 'y 


(25) 


The  spectrum  is  an  infinite  series  of  equispaced  lines,  each  line  being 
proportional  to  a Bessel  function  of  order  n where  n runs  from  minus  to 
plus  infinity.  The  m”  side  line  measured  from  is  proportional  to 
J„(kZo). 

An  alternative  derivation  shows  a clear  physical  relation  between  the  modula- 
tion and  the  Doppler  effect.  From  Eq.  (19)  the  velocity  of  the  wire  is 


V =flz^cos  (9t), 


(26) 


wliicli  yives  a Doppler  shift 


>^v/c  (•^^Zy/c)cos  (St).  (27) 

Since  frequency  may  be  interpreted  as  a time  rate  of  change  of  phase,  we  write 

^ - i^±ii  - ^bzjc'.  cos  (ei).  (28a) 

Wlien  integrated,  Kq.  (28a)  gives  the  phase  as 

■ ’ 'o*'"  ^'o''o^^^  (28h) 

The  spectral  dependence  is  obtained  by  taking  the  Fourier  transform  of  cos:^as 
before.  In  ICq.  (28b)  • ^/c  equals  k^,  so  that  the  results  of  the  two  approaches 
are  identical.  It  is  also  worth  noting  (and  not  unexpected)  tliat  the  phase  ; is 
directly  proportional  to  the  displacement  amplitude  z^.  Tlierefore  the  greater 
2q,  the  greater  the  effect-all  other  factors  being  equal. 

For  a further  discussion  of  the  relation  between  tlie  Doppler  effect  and  rotating 
or  vibrating  wires,  see  Appendix  B. 


•t.  DISCUSSION 

The  body  of  this  report  has  been  concerned  with  the  backscattered  fields  and 
tlieir  spectra,  obtained  from  short  wires  performing  periodic  motions.  By  choos- 
ing the  "sliort"  ware,  v;e  simplified  the  problem  and  reduced  tlie  scattering  to  tliat 
from  a point  dipole  or  simple  Hayleigh  scatterer.  The  motions  examined  are 
rotation  and  vibration.  A wire  undergoing  these  motions  provides  a scattering 
model  applicable  to  the  complicated  radar  returns  w'hich  comprise  the  identifica- 
tion problem. 

Given  the  short  w ire  as  the  scatterer,  we  find  that  the  spectrum  from  the 
rotating  v/ire  is  distinct  from  that  of  the  vibrating  wire.  In  addition,  the  spectrum 
from  the  rotating  wire  depends  on  the  state  of  polarization  of  the  incident  field, 
unlike  that  of  the  vibrating  wire  for  the  geon  etrics  considered  here. 

Rotation  produces  an  amplitude  modulation.  For  a linearly  polarized  incident 
field  there  are  tv/o  side  lines  separated  from  the  original  frequency  by  plus  or 
minus  twice  the  rotation  frequency.  For  a circularly  polarized  incident  field  only 
one  side  line  appears,  also  displaced  by  twice  the  rotation  frequency. 


In  contrast,  vibration  produces  a phase  modulation.  The  spectrum  from  the 
vibrating  wire  contains  an  infinite  series  of  equispaced  lines  about  the  incident 
frequency  line.  The  interline  spacing  is  the  vibration  frequency,  and  the  strength 
of  the  n " line  is  proportional  to  the  n*"  order  Bessel  function  where 

is  the  vibration  amplitude.  Both  spectra,  therefore,  provide  the  period  of  the 
relevant  motion. 

There  are,  of  course,  several  possible  approaches  one  might  take  to  study 
the  identification  problem.  The  one  we  have  taken  here  is  quite  simple,  yet  has 
a physical  interpretation  that  is  easy  to  grasp.  (A  large  part  of  this  interpreta- 
tion is  contained  in  Appendices  B,  C,  and  D. ) From  the  characteristic  spectra 
we  can  begin  the  study  as  a problem  in  signatures. 
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Appendix  A 


The  Polarization  Scattering  Matrix  ond  the  Decomposition  of  'he  Electric  Field 


When  a target  scatters  an  incident  wave,  the  linearit\  of  Maswc-ll’s  L'qiiitiuns 
imposes  a linear  relationship  between  the  incident  and  scattered  v*.a\<’s.  ,\  suc- 
cinct and  lucid  description  of  this  relation  is  achieved  through  the  scattertng 
matrix  which  is  written  generally  as 


“ll 

“12 

^21 

“22 

(Al) 


In  Eq.  (Al)  kis  the  wave  vector  and  11  is  the  distance  from  the  target  to  the  point 
at  which  the  scattered  field  is  observed.  The  matrix  TA]  with  elements  a^^  is  the 
scattering  matrix,  and  the  incident  and  scattered  fields  arc  described  as  column 

4 

matrices  defined  in  terms  of  orthogonal  x and  \ components.  Kennaugh  describes 
the  matrix  and  its  applications  at  length. 


4.  Kennaugh,  E.M.  (IfiCG)  Antenna  and  Scattering  Theory*;  llccent  Advances 
1:1-17,  The  Ohio  State  University,  Columbus,  Ohio. 
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If  we  have  a munostatic  system,  so  that  r<  ceiviii{!  and  transmittinp  antennas 
are  identical,  we  have  tlie  case  of  hacKscatterinp  and  tlte  orthogonal  bases  of  the 
two  fields  are  the  same.  Kquation  (Al)  becomes 


•?1  „hi 


*'21  **22  i:* 

\ 


in  which  the  proportionality  factor  is  written  as  C‘;  the  matrix  is  now  called  '"H'' 

(for  reflection)  with  matrix  elements  r.^,  and  x and  x'  are  identical  directions  as 
well  as  y and  y'. 

Physicatly,  the  scattering  process  changes  the  polarization  characteristics 
of  the  radiation.  I-'or  example,  if  the  incident  radiation  is  linearly  polarized, 
the  scattered  radiation  may  have  any  state  of  polarization  depending  on  the  peculiar 
properties  of  the  target.  Tliese  peculiar  properties  include,  of  course,  the  state 
of  motion  of  the  target.  Tiie  motion  of  the  target  leading  to  changes  in  what  is  seen 
by  the  incident  radiation  means  that  the  matrix  " II"  now  varies  with  time. 

Before  continuing  with  the  determination  of  ' we  first  formulate  the 
description  of  the  fields  in  terms  of  orthogonal  polarization  states.  Our  treat- 
ment of  the  polarization  follows  that  of  .lackson.  **  Since  the  propagation  of  light 
is  rectilinear  and  is  a transverse  wave  phenomenon,  tlie  electric  vector  is  always 
located  in  a plane  normal  to  the  propagation  vector.  Therefore,  the  electric 
vector  may  be  described  in  terms  of  two  linearl\  independent  unit  vectors.  \Ve 
shall  use  x and  y to  denote  unit  polarization  vectors  in  the  x and  y directions.  As 
we  shall  see,  we  can  also  construct  a pair  of  complex  unit  orthogonal  vectors 
and  f{  that  correspond  to  left  and  right  circular  polarization  respectively  and 
are  related  to  x and  y througli  a straightforwai-J  transformation. 

The  electric  field  H of  a wave  propagating  in  the  z -direction  may  be  written 


E (z,  t)  ^j^E^  X + E^.  y j exp|^i(kz  - i^t)j  , 


where  k is  the  wave  vector  and  t ^ is  the  circular  frequency.  The  amplitudes 
and  E^,  arc  complex  quantities  which  allow  for  a possible  phase  difference 
between  the  x and  y components  of  the  field.  If  E^  and  E^.  have  the  same  phase, 
the  wave  is  linearly  polarized  with  the  resultant  electric  vertor  E oriented  at  an 


5.  Jackson,  J.  D.  (1PG2)  Classical  Electrodynamics,  Chap.  7,  p.  202.  John 
Wiley  and  Sons  Inc. , New  York. 
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angle  i with  the  x-a.\is  such  that 


C =tan"*  (Ejj/E^.).  (A4) 

If  a phase  difference  exists  between  E^  and  E^,,  the  wave  is  elliptically  polarized. 

A particular  case  is  that  for  which  E^  and  E^.  are  equal  in  magnitude,  but 
their  phases  differ  by  “/ 2 rad.  Equation  (A31  becomes 

E (z,  t)  = Eq  (x  = iy)  expj^ifkz  - 

Taking  the  real  part  of  Eq.  (A4),  we  find  for  the  components  of  the  field 
E^  = E^^,cos  Otz  “ A^t),  and 

E^,  = = E^sin(kz- i^t).  (A6) 

Facing  the  wave,  that  is'looking  along  the  negative  z-direction  towards  the 
propagating  wave,  what  does  one  see?  Taking  the  positive  sign  in  Eq.  (A5), 

(and  therefore  the  negative  in  Eq.  AG),  we  find  that  the  •'lectric  vector  has  a 
constant  magnitude  and  rotates  with  frequency  in  the  counterclockwise  sense. 
This  polarization  state  is  designated  as  left  circularly  polarized  (LCP).  Taking 
the  negative  sign  in  Eq.  (A5),  we  find  constant  magnitude  for  the  electric  vector, 
as  before,  but  a clockwise  rotation.  This  we  call  right  circularlj  polarized  (RCP). 

To  describe  a general  state  of  polarization,  we  have  used  two  orthogonal 
unit  vectors,  x and  y,  as  our  basis.  An  equally  valid  basis  is  the  circular  pair, 
and  ^ defined  as 

(x  + iy),  and 

A ={l/../2)  (x-iy)  (A7a) 


with  properties 

£,  *•  A - A *•  = 0 and 

A*.  A = A*.  A = 1.  (A7b) 
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Tin-  \«  tor  I fotTL-spu"  !.,  to  pure  I.C'P  and  tlie  vector  A to  pure  RCP.  Solving 
Ki).  ( d for  \ an  I \ leads  to  the  inverse  transformations 

X (1/  1)  (L-*  A)  and 

y --(i/.'2)  (-A-A).  (A8) 

The  circular  basis  is  fulh  equivalent  to  the  cartesian  basis,  x and  y,  for  die 
wave  description.  In  terms  of  the  circular  basis  Kq.  (A3)  becomes 

I.  = ' A f Ejj  A^  exp|^i(kz  - i^t)J,  (A9) 

where  bj  and  Ej^  are  complex  amplitudes.  In  general,  we  can  write  the  ratio  of 
Ej^  and  Ej^  as 

Ei^/El ■■  rexp  (ie).  (AlO) 


In  Eq.  (AlO),  r denotes  the  ratio  of  the  magnitudes  of  the  two  amplitudes,  and  a 
is  their  phase  difference. 

If  Ej^  and  Ej^  differ  in  magnitude,  (that  is,  r is  not  unity),  but  their  phase 
difference  is  ^oro,  Eq.  (AlO)  describes  an  elliptically  polarized  wave.  The 
principal  axes  of  the  ellipse  described  by  the  electric  vector  are  in  the  directions 
of  .X  and  C.  The  ratio  of  the  semi-major  to  the  semi-minor  axis  is  (1  +r)/  (1  - r). 

If  the  phase  difference  a between  Ej^  and  Ej^  is  non-zero,  the  a.xes  of  the 
cdlipse  are  rotated  by  a/ 2. 

If  the  phase  difference  is  zero,  and  the  two  amplitudes  are  equal  (r  equals 
unity),  the  wave  is  linearly  polarized. 

Lasth,  if  either  Ej^  or  Ej^  is  zero,  the  wave  is  circularly  polarized. 

The  matrix  formulation  of  these  transfo  mations  greatly  facilitates  our 
calculations.  We  start  with  the  equivalence  of  the  two  bases  (.x,y)  and  (A,  A) 
and  define  the  two  transformation  matrices,  ''Qj  and  its  inverse  LQ’^],  as 

Q-(i/./2)[.;  ; , 

Q*^ -- (1/..^)|  j _l 

(Alla) 
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, 


~fC^  ^7^=5"  ■■  ••f'C  ■ • 


such  that 
QQ'*  =I 


(Allb) 


where  I is  the  identity  matrix.  Writing  the  amplitudes  as  column  matrices,  we 
can  apply  the  matrices  of  Eq.  (Alla)  to  write  the  transformations  of  any  wave  as 


and 


= Q'^ 

E 

_ y_ 

= Q 

E 

L yj 

Er 

(A1 2) 


With  Eq.  (A12)  we  can  transform  easily  from  the  cartesian  to  the  circular 
amplitudes,  and  vice  versa  for  any  arbitrarj'  wave. 

In  Eq.  (A2)  we  have  related  the  cartesian  amplitudes  of  the  scattered  and 
incident  waves  through  the  scattering  matrix  HO#  where  [R]  is  the  cartesian 
scattering  matrLx.  Using  Q and  Q”^,  we  can  compute  the  circular  scattering 
matrix  that  relates  the  circular  amplitudes  of  the  scattered  and  incident  waves. 
If  the  incident  field  is  given  in  terms  of  the  circular  basis,  its  cartesian  com- 
ponents are 


~E^' 

X 

= Q 

1 

j 

y 

(A13)  i 

1 

The  scattered  field  is  then 


Fe®' 

X 

= CR 

V" 

X 

KMl  Q 

'e»  ‘ 

L 

i 

I 

M 

^ CO 

1 

E^ 

y 

(A14a) 

!l 
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with  f a proportionalitv  factor.  Since 


= Q-' 

T.'S 

T.-S 

^R 

L^-j 

(A  14b) 


we  find  as  our  final  equatiorv  for  the  circular  components  of  the  scattered  field 


CQ’hlQ 


(A15) 


Therefore,  the  circular  scattering  matrix  is  Q * R Q. 

Equation  (A15)  applies  to  any  scattering  matrLx  TR].  We  have  imposed  no 
restrictions  on  it,  but  have  provided  a way  of  going  from  the  cartesian  to  the 
circular  form,  once  ^R]  is  known. 
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Appendix  B 


The  Doppler  Effeci  and  Scalterers  With  Periodic  Motion 


In  the  Doppler  effect,  as  evidenced  by  the  use  of  radar  reflections  to  deter- 
mine target  velocities,  the  motion  of  the  target  introduces  a change  of  frequency 
in  the  scattered  radiation.  This  frequency  change  is  a function  of  the  relative 
velocity  between  target  and  radiation  source.  Measurement  of  the  change  provides 
information  about  the  target  velocity.  In  this  report,  we  have  discussed  frequency 
changes  occurring  with  rotating  and  moving  wires.  The  first  is  an  amplitude 
modulation,  the  second  a phase  modulation.  Are  we  justified  in  subsuming  these 
frequency  changes  caused  by  periodic  motions  of  a target  under  the  general  class 
of  Doppler  phenomena? 

B.l  THE  ROTATING  WIRE  AND  THE  DOPPLER  EFFECT 

The  normal  Doppler  effect  is  radial,  that  is,  the  scalar  product  between 
the  target  velocity  and  tl.o  radar  propagation  vector  is  no*;-zero.  If  the  pro- 
duct is  zero,  there  is  no  effect.  This  is  equivalent  to  the  statement  that  there 
is  no  classicial  transverse  Dopple.-  effect.  This  is  illustrated  by  Sommerfeld® 

6.  Sommerfeld,  A.  (1954)  Optics,  Chap.  11,  Sec.  13,  p.  72,  Acade.mic  Press, 
New  York, 


27 


in  Iu8  '!it!cussiuM  of  rL-nfcUon  irom  a nio\in{>  mirror.  If  tliu  mirror  lias  a 
veloritN  fompoiii-nt  aloiu;  iIh-  propagation  <lirection,  tlu-  froquonc\  changos  upon 
reflection.  If,  hov. ever,  the  mirror  niovi-s  at  riftlit  anales  to  the  propagation 
direction,  Iht  light  is  refleetol  with  no  change  in  freciuenc> . To  e.xplain  this, 
one  must  rememher  that  Hie  wire  (unlike  the  mirror)  is  not  an  invariant  when 
rotating.  A large  plane  imrn»r  with  a uniform  reflecting  surface  presents  a 
constant  aspect  to  the  inculent  radiation,  when  moving  transverselv . The 
rotating  wire  is,  howeier,  coniinuallv  clianging  its  aspect.  Wore  the  mirror 
rotating,  there  would  he  no  frequency  change.  We  conclude  that  reflection  by  a 
short  wire,  rotating  in  a plane  normal  to  the  propagation  direction,  does  have 
an  effect  which  may  he  regarded  as  a classical  transve''se  Doppler  shift. 

It  is  importMit  to  stress  that  this  shift  is  not  related  at  all  to  the  relativistic 

7 

transverse  Doppler  effect,  whicli  is  a consequence  of  the  fact  tliat  clocks  run 
differently  when  viewed  from  different  inertial  systems.  The  relativistic  trans- 
verse Doppler  effect  is  second  order  in  \7c,  where  v is  the  relative  velocity 
between  object  and  source  and  c is  the  velocity  of  light.  The  effects  described 
in  this  report,  however,  are  first  order  in  v/c. 

\V1  THK  VIHltATING  WIKK  AM)  TilK  l)OI'l*l,KK  EFFF.CT 

The  frequency  change  caused  by  periodic  vibration  is  a normal  Doppler 
phenomenon.  In  .Section  3,  the  phase  modulation  is  derived  within  the  Doppler 
framework  (cf.  Eqs  (20)  - (28)).  The  direction  of  vibration  assumed  in  Section  3 
is  always  parallel  (or  anti-parallel)  to  the  propagation  direction.  If  tlie  wire 
vibrated  in  the  xy-plane,  normal  to  the  propagation  direction,  there  would  be  no 
effect  on  tlie  frequency  of  the  reflected  radiation.  Tlie  only  effect  w’ould  be  on  the 
position  of  the  return  in  the  .xy-plane.  In  this  sense,  the  frequency  change 
associated  witli  vibration  is  simpler  than  that  due  to  rotation,  since  it  can  be 
interpreted  as  a straightforward  periodic  Doppler  effect. 


I 


9 

I 

i 


! 

i 

) 

£ 

K 


Appendix  C 


The  Relation  Between  Roman  Scottering  and  the  Spectra  of  the 
Bochscottered  Field  B'om  Wires  With  Periodic  Motion 


The  spectrum  of  the  field  scattered  from  the  rotating  wire  is  characterized 
in  general  by  three  lines,  one  at  the  frequency  of  the  incident  field  and  two 
displaced  symmetrically  by  twice  the  rotation  angular  frequency  from  x^.  This 
spectrum  is  strongly  reminiscent  of  that  of  Raman  scattering  from  a rotating 
molecule.  Moreover  the  spectrum  from  the  vibrating  wire  has  similarities  to 
that  from  an  oscillator  which  is  the  simplest  model  of  a vibrational  Raman 
scatterer.  Close  e.xamination  shows  clearly  that  these  similarities  are  not 
fortuitous.  However,  there  are  definite  differences  between  scattering  from 
macroscopic  wires  and  molecules  which  preclude  a one-to-one  correspondence. 
A study  of  both  similarities  and  differences  is  lielpful-indeed,  very  helpful-in 
understanding  the  physical  meaning  of  the  two  phenomena. 


C.1  THE  RAMAN  EFU-CT  AND  THE  ROTATING  WIRE 

Raman  scattering  from  rotating  molecules  is  a quantum  mechanical 
phenomenon,  although  a classical  theory  exists  which  does  offer  considerable 
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insiglit.  Detailed  discussions  of  the  effect  are  found  in  both  llerzl>erg^  and 

9 1 0 

Kolilrausch.  The  classical  theory  is  given  by  Cabannes  and  Hocard. 

The  quantum  explanation  of  the  effect  is  described  simph.  An  incident  photon 
of  energy  H interacts  with  a rotating  molecule.  It  can  be  scattered  so  that  its 
frequency  and,  therefore,  its  energy  remain  unchanged.  However,  scattering  with 
a change  in  frequency  is  also  possible.  The  scattering  molecule  has  discrete  rota- 
tional energy  levels.  If  the  molecule  absorbs  energy*  from  the  incident  photon  (so 
that  the  molecule  is  raised  to  a higher  energy  level),  the  scattered  photon  has  less 
energy  and,  therefore,  a smaller  frequency  than  does  tlie  incident  one.  The 
converse  is  also  true.  The  interaction  may  be  such  that  the  molecule  loses  energy* 
and  drops  to  a lower  level.  This  energy*  is  taken  up  by  the  radiation  field  so  tliat 
the  scattered  photon  has  greater  energy*  and,  therefore,  a higlier  frequency*  tlian 
those  of  tlie  incident  plioton.  The  frequency  ^ arising  from  absorption  (or  emis- 
sion) is  related  to  the  energy  difference  between  the  two  levels  as 

(Cl) 

These  levels  are,  of  course,  discrete  and  their  eigenvalues  are  determined  by 
solution  of  the  relevant  Schrbdinger  equation  which  contains  the  rotational  kinetic 
energy*  term.  For  tlie  rigid  rotator  these  levels  are 

E =-h^  J(J  + 1)/2I,  (C2) 

where  J is  the  rotational  quantum  number  and  lias  the  integral  values,  0, 1, 2, . . . 
and  I is  the  moment  of  inertia.  The  selection  rules  for  the  Hainan  transitions  are 

iJ=^0,  ±2,  (C3) 

and  the  intensity  of  the  transition  depends  on  the  change  of  the  molecular  polar- 
izability in  a fixed  direction  during  the  rotation.  When  J equals  zero,  there  is 
no  energy  change  and  the  undisplaced  line  is  observed. 

The  classical  theory  presupposes  a change  in  the  polarizability  arising  from 
the  molecular  rotation.  The  rotation  affects  the  polarizability  so  that 

a =ao+tti  exp  (i2  'i  j.^  t),  (C4) 

8.  lierzberg,  G.  (19.50)  Molecular  bpcctra  and  Molecular  .Structure;  I.  Spectra 

of  Diatomic  Molecules,  Chan.  Ill,  p.  06,  Van  Nostrand,  New  York, 

9.  Kolilrausch,  K,  W.  F.  (1031)  Dor  .Smckal-Haman  Effekt.  Springer,  Berlin, 

Germany. 

10.  Cabannes,  J. , and  Hocard,  Y.  (1929)  .1.  Phys.  Had.  10:52,  Paris,  France. 
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wliere  is  the  average  polarizability,  is  the  amplitude  of  tlie  periodic  change 

caused  by  rotation  and  is  the  angular  frequency  of  rotation.  The  factor  2 

appears  because  the  polarizability  is  the  same  for  the  molecule  rotated  through 

180°  as  before.  An  incident  field  E exp  (i'x  t)  induces  a time-dependent  dipole 

^ o 

moment  P, 

P=aEe.xp(ix  t).  (C5) 

~ — o 

which  contains  terms  proportional  to  exp^i(u^i  2‘iip)tJ  as  well  as  exp  (i'J  ^t). 

Thus  both  the  clasoical  and  quantum  tlieories  multiply  tlie  rotation  frequency  by 
2 so  that  2i  j^  appears  in  tlie  scattered  spectrum  as  it  does  for  tlie  rotating  wire. 

(The  2 in  the  quantum  theory  arises  from  the  selection  rule,  Eq.  (C3).) 

In  the  classical  theory,  tliere  are  no  restrictions  on  the  values  can  have. 
Unlike  the  quantum  theory,  all  frequencies  are  allowed.  The  classical  theory  is 
obviously  very  close  to  that  used  in  Section  2 for  the  rotating  wire.  We  may. 
therefore,  regard  the  rotating  wire  as  equivalent  to  a i dating  macromolecule. 

There  are  at  least  two  significant  differences,  however,  between  this  macro- 
molecule and  a rotating  molecule  obeying  quantum  theory.  The  rotating  wire 
considered  as  a molecule  does  not  have  a set  of  discrete  energy  levels.  Its 
kinetic  energy  T is  related  to  the  velocity  of  rotation  i as 

T = l/2Ii^^,  (C6) 

which  is  quite  different  from  Eq.  (C2).  Since  T is  not  quantized,  neither  is  x j^. 
The  energy  is  a continuum. 

More  impoilant,  perhaps,  *3  the  fact  that  the  wire  cannot  be  considered  apart 
from  its  source  of  power.  This  also  differs  from  the  molecular  case  for  which 
sve  regard  the  molecule  (at  least  to  the  first  approximation)  as  being  isolated.  The 
power  source  or  motor  drives  the  wire  at  constant  angular  velocity.  If  energy  is 
supplied  to  the  wire  by  the  incident  wave  (a  decrease  in  scattered  frequency),  the 
motor  does  a little  less  work.  If  energy  is  supplied  by  the  wire  to  the  scattered 
field  (an  increase  in  scattered  frequency),  the  deficiency  is  made  up  by  the  motor. 

In  effect,  the  energy  of  the  svire  never  changes  or,  equivalently,  the  macromolecule 
remains  in  the  same  energy  level,  independent  of  the  scattering  process.  This 
contrasts  with  the  molecular  llaman  effect  which  leaves  the  molecule  in  a different 
energy  state. 

A third  point  which  should  be  remembered  is  that  the  orientation  of  the  rota- 
tion axis  of  the  wire  to  the  propagation  direction  of  the  field  is  at  our  disposal. 


II 


whereas  orientation  of  molecules  is  difficult  and  not  possible  for  all  cases.  Hence 
Raman  scattering  from  molecules  is  often  from  a randomly  oriented  assembly, 
while  scattering  from  a rotating  wire  provides  a simpler  well-defined  system, 
especially  as  regards  polarization  effects. 

C.  TIIK  RAMAN  KFFECT  AND  TDK  VIBRATING  WIRE 

Raman  scattering  from  vibrating  molecules  is  also  a quantum  mechanical 
phenomenon.  The  simplest  vibrating  molecule  is  diatomic;  each  atom  moves 
with  respect  to  the  other  in  simple  harmonic  motion.  Such  motion  is  equivalent 
to  harmonic  motion  of  the  reduced  mass  about  an  equilibrium  position.  This  is 
represented  by  a liarmonic  oscillator  whose  Schrbdinger  equation  is  readily 
solved.  The  energy  eigenvalues  of  the  solution  are 


E(n)  (n  + 1/2). 


where  is  the  oscillation  frequency.  Transitions  between  these  ’evels  lead 
to  energy  changes  in  the  oscillator  and,  hence,  in  the  radiation  field.  The  selec- 
tion rules  for  allowed  Raman  transitions  are  An  -±  1;  that  is,  transitions  are 
allowed  only  between  adjacent  vibrational  states.  Therefore,  illumination  with 
light  of  frequency  will  produce  a spectrum  containing  a line  at  and  two 
Raman  linos  at  o,.)* 

The  classical  theory  of  Cabannes  and  Rocard**^  interprets  the  effect  in  terms 
of  a time-varying  molecular  polarizability 


a exp  ii 


where  is  the  average  polarizability,  as  before,  and  Cj  is  the  amplitude  of  the 
polarizability  change  caused  by  vibration.  The  resultant  dipole  moment  induced 
by  the  incident  field  will  contain  terms  proportional  to  expj^i(a^±T^g^)  j and 
exp  (rj-gt).  These  three  frequencies  will  appear  in  the  spectrum  of  the  scattered 
light.  This  differs  from  the  vibi’ating  wire  which  produces  a scattered  spectrum 
with  an  infinite  series  of  lines  separated  by  frequency  increments 

The  vibrating  wire  examined  in  this  report  is  less  closely  related  to  the 
vibrating  molecule  than  is  the  rotating  wire  to  the  rotating  molecule.  The  mole- 
cular vibrations  correspond  to  internal  vibrations  within  the  molecule- unlike  the 
wire,  the  molecule  is  not  rigid.  These  internal  deformations  are  responsible  for 
the  change  in  polarizability.  The  rotating  molecule  may,  however,  be  looked  at  as 


essentially  rigid.  Therefore,  for  rotation  the  analogy  between  the  wire  and 
molecule  is  considerably  closer  than  for  vibration. 
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Appendix  D 

; Energetic  and  Momentum  Considerations 

i 

i 

■'  The  interaction  between  the  incident  field  and  the  scattering  wire  can  lead  to 

an  exchange  of  energy  and  of  angular  momentum  between  the  wire  and  the  field. 

We  know  from  the  de  Broglie  relation  that  energy  is  a function  of  frequency. 

E=tia-.  (Dl) 

The  symbol  h is  Planck's  action  constant  divided  by  2n.  Therefore,  if  the 
frequency  of  the  scattered  light  differs  from  that  of  the  incident  by  t'H,  its 
energy  must  also  differ,  and  by  the  amount  It  &'x-. 

A second  point  made  by  quantum  theory  is  that  light  particles  always  carry 
angular  momentum.  Photons  may  exist  in  either  one  of  two  states,  LCP  or  RCP. 
An  LCP  photon  has  a positive  helicity  and  an  angular  momentum  +h.  Similarly, 
an  RCP  photon  has  a negative  helicity  and  an  angular  momentum  -Ti.  These  are 
the  only  two  allowed  values  of  photon  spin  or  intrinsic  angular  momentum.  More- 
over, spin  angular  momentum  is  frequency  independent.  No  matter  what  the 
photon  frequency  may  be  (from  radio  waves  to  /-rays),  a single  photon  can  have 
angular  momentum  iti  only.  Nonetheless,  the  net  angular  momentum  of  linearly 
polarized  light  is  zero.  This  is  because  linearly  polarized  light  consists  of  equal 
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numbers  of  LCP  and  RCP  photons.  If  a beam  is  liniarly  polarized  with  X photons 
of  each  type,  tlie  total  angular  momentum  is  thus  + N "i  plus  - N il  or  zero. 

In  all  the  cases  wc  liave  considered,  our  scattere.'  has  been  a short  '.vire.  The 
reflection  from  sucli  a wire  (whether  rotating,  vibrating,  or  stationary)  is  always 
linearly  polarized,  regardless  of  the  state  of  motion  of  the  wire.  (I'or  rotation  fl 
must  be  small  compared  witli  a condition  which  liolds  for  all  realizable  mech- 
anical rotation  rates. ) This  linear  polariration  is  a consequence  of  scattering 
from  the  linear  short  wire,  which  acts  as  a point  dipole.  However,  one  must  be 
careful  in  discussing  the  backscattered  wave.  It  "s  true  that  the  reflected  radia- 
tion is  alwa\s  linearU  polarized,  and  in  the  direction  parallel  to  the  orientation  of 
the  wire  at  the  instant  of  reflection.  Foi  the  rotating  wire,  this  orientation  is  not 
constant  with  time.  The  direction  of  polarization  rotates  with  twice  the  velocity  of 
the  wire.  The  doubling  of  the  velocity  is  a consetiuence  of  the  fact  that  in  half  a 
period  the  v/ire  iias  returned  to  its  original  state  as  seen  by  the  incident  radiation. 
For  example,  if  the  reflected  wave  is  linearly  polarizcfl  in  the  x-direction  at  a 
given  time,  the  wave  reflected  a quarter  of  a period  later  (~/2§)  is  linearl.  polar- 
ized in  the  y-directioi>-pro\  ided,  of  course,  that  the  electric  vector  of  the  incident 
W’ave  has  a y-component.  At  a time  half  a period  later  (“/§),  tne  reflected  wave 
is  again  polarized  in  the  x-direction. 

If  tiie  incident  field  is  circularly  polarized,  it  carries  net  angular  momentum. 
Yet  those  photons  which  are  backscattered  form  a linearly  polarized  field.  If  X 
photons  (all  LCP)  arc  scattered.  Nil  units  of  angular  momentum  liave  disappeared 
from  the  radiation  field  and  must  hate  been  taken  up  by  the  wire.  From  this  we 
conclude  th'**  the  radiation  field  has  exerted  a torque  on  the  wire,  luring  the 
scattering,  i erefore,  work  has  been  done  on  or  by  the  mechanical  system  of  the 
wire  and  its  driving  motor. 

Let  us  consider  the  Kxamples  of  Sections  2 and  2. 

Hotation-Fxample  1:  The  incident  field  is  LCP  and  is  monochromatic 
with  frequency  i The  backscattered  field  is  linearly  polarizetl  and  has 
lines  at  and  (i^-’  2 0).  Therefore,  the  incident  field  has  exerted  a torque 
on  the  v/irr  which  lias  resulted  in  a loss  of  field  angular  momentum.  Secondly, 
the  wire  (and  therefore  its  driving  motor)  has  supplied  energy  to  the  scattered 
field,  thereby  increasing  the  frequency  of  part  of  the  field  from  to  ('^-i  2&). 

Hotation-Kxample  2:  Doth  the  incideni  and  scattered  fields  are  linearly 
polarized  so  that  there  has  been  no  exchange  of  angular  momentum.  More- 
over, there  are  an  equal  number  of  photons  having  the  two  frequencies 
b^  + 2h)  and  ('i^-2§).  If  there  are  N with  each  frequency,  their  total  energy 
is  2.x  (h  'ljj).  But  this  is  precisely  the  energy  of  the  incident  photons  which 
w’ere  scattered.  Therefore,  there  has  been  no  exchange  of  energy  between  field 
and  wire. 
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The  angular  momentum  considerations  depend  on  the  state  of  polarization  of 
the  incident  field.  The  reflected  field  is  always  linearly  polarized,  so  that  it 
carries  no  net  angular  momentum.  If  the  incident  field  is  also  linearly  polarized, 
the  net  angular  momentum  of  the  radiation  field  before  and  after  scattering  is 
zero.  If  the  field  is  circularly  polarized,  it  has  net  angular  momentum  which  is 
lost  in  the  scattering  process.  This  is  evidenced  as  a torque  acting  upon  the 
vibrating  wire  which  must  be  balanced  by  a counter-torque  exerted  by  the  driving 
mechanism  to  prevent  rotation  of  the  wire.  This  represents  work  done  by  the 
driving  mechanism,  in  other  words,  an  energj*  current  flowing  to  or  from  the 
wire. 

The  spectrum  of  Figure  4 is  symmetric  about  the  frequency  of  the  incident 
field  u)^  apart  from  the  signs  of  some  lines.  The  intensity  of  a given  line  is 
proportional  to  the  square  of  that  spectral  field  line;  therefore,  the  energy 
spectrum  is  truly  symmetrical  about  If  we  sum  over  all  the  lines,  therefore, 
we  find  that  the  total  scattered  energy  does  not  differ  from  that  of  the  incident 
field  which  has  been  scattered,  even  though  it  is  distributed  over  an  infinite 
number  of  lines,  all  uut  one  of  which  has  a frequency  different  from  the  incident 
frequency.  Note  that  any  energy  changes  in  the  radiation  field  must  involve  the 
motor  drive  of  the  v/ire,  either  as  an  energy  sink  or  source.  This  differs  from 
the  molecular  Raman  scattering  in  which  the  energy  change  involves  a quantum 
jump  of  the  molecule  from  one  level  to  another  as  we  discussed  in  Appendix  C. 
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